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Abstrat
We extend the onstrutions and results of Damian [5℄ to get topolog-
ial obstrutions to the existene of losed monotone Lagrangian embed-
dings into the otangent bundle of a spae whih is the the total spae of
a bration over the irle.
1 Introdution
Let M be a losed manifold and π : T ∗M → M its otangent bundle. Denote
by λM the Liouville one-form of M and ωM = dλM the anonial sympleti
form on T ∗M .
We are interested in ompat Lagrangian submanifolds in the otangent
bundle T ∗M . Only a few types of examples are known:
1. the zero setion or more generally the graph Lf of a funtion f : M → R;
2. any Hamiltonian image of Lf (i.e. L = ϕ1(Lf ) where (ϕt) is a Hamiltonian
isotopy);
3. any image of Lf by a sympleti isotopy (as in 2 but with (ϕt) a sympleti
isotopy);
4. the loal Lagrangian submanifolds: any Lagrangian submanifold of Cn
an be embedded in a Darboux hart U
∼
→ Cn of T ∗M .
Note that the two rst types of examples have the additional property of
being exat (that is, the restrition of the Liouville one-form on the Lagrangian
submanifold is exat). It is onjetured (see [1℄) that the examples (1) and
(2) are the only possible examples of exat Lagrangian submanifolds in T ∗M
and muh work has been done to prove this onjeture. It has been proved for
L =M = S2 (Hind [9℄) but in general, we know only topologial restritions on
the exat Lagrangian embeddings i : L → T ∗M of a losed manifold L. In the
following, f : L→M denotes the omposition π ◦ i.
∗
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1. (Audin [2℄) If L and M are orientable, then χ(L) = deg(f)2χ(M) and the
same is true modulo 4 if L and M are not orientable.
2. (Lalonde and Sikorav [10℄) The index [π1(M) : f⋆(π1(L))] is nite.
3. (Viterbo [24℄) If M is simply onneted, then L annot be an Eilenberg-
MaLane spae.
4. (Fukaya, Seidel and Smith [8℄, Nadler [14℄, see also Buhovski [4℄) If M is
simply onneted and L is spin with zero Maslov lass, then the projetion
f has degree ±1, and indues an isomorphism H⋆(L,K) ≃ H⋆(M,K) for
any eld K of harateristi not equal to 2.
5. (Ritter [21℄) If M is simply onneted, then π⋆ : H2(M) → H2(L) is
injetive and the image of f⋆ : π2(L)→ π2(M) has nite index.
6. (Damian [5℄) IfM has dimension n ≥ 3 and is the total spae of a bration
over S1, we have:
a) For any nite presentation 〈g1, g2, . . . , gp | r1, r2, . . . , rq〉 of the funda-
mental group π1(L), p− q ≤ 1.
b) The fundamental group π1(L) is not isomorphi to the free produt
G1 ∗G2 of two non-trivial groups.
The idea of the proof of Damian is the following. On the one hand, if M
is the total spae of a bration p : M → S1 over the irle, then one an
use the pull-bak α = p⋆dθ of the one-form dθ on S1 to displae an exat
Lagrangian submanifold L of T ∗M from itself by a sympleti isotopy (dened
by ϕt(q, p) = (q, p+ tα)).
On the other hand, given a sympleti isotopy (ϕt), Damian has onstruted
a Floer-type omplex C(L,ϕt) spanned by the intersetion points of L and
ϕ1(L), with oeients in a Novikov ring assoiated to π1(L) and endowed
with a dierential whih is an analogue in the Lagrangian Floer theory of the
Morse-Novikov dierential. The homology of this omplex only depends on the
ux [ϕ⋆1λM −λM ] = u of (ϕt). It is alled the Floer-Novikov homology of L and
denoted FH(L, u).
Damian has proved that this homologyFH(L, u) is isomorphi to the Novikov
homology H⋆(L, f
⋆u) of L. The Novikov homology of L must then be trivial
when ϕt is the isotopy indued by α, that is when u = [α], and this gives the
obstrutions on the fundamental group of L.
Here we are interested in the more general ase of monotone Lagrangian sub-
manifolds of T ∗M . In the usual sense, a Lagrangian submanifold L is monotone
(on the disks) if there exists a non-negative onstant KL suh that:
for all u ∈ π2(T
∗M,L),
∫
u
ωM = KL µL(u) (1)
where µL denotes the Maslov lass of L in T
∗M .
For instane, any loal Lagrangian submanifold whih is monotone in Cn is
also monotone in T ∗M (see Remark 1.2 (iii)).
We would like to know if there are also global monotone Lagrangian sub-
manifolds in T ∗M . It is possible to get topologial obstrutions on the monotone
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Lagrangian embeddings by extending the onstrution of the Floer-Novikov type
omplex of Damian to the monotone ase. In order to arry out this onstru-
tion, we need a stronger monotoniity assumption:
Denition 1.1. A Lagrangian submanifold of T ∗M is said to be monotone on
the loops if there exists a non-negative onstant kL suh that:
for all γ ∈ π1(L),
∫
γ
λM = kL µL(γ) (2)
where µL denotes the Maslov lass of L in T
∗M .
Remarks 1.2. (i) We reover the exat ase when kL = 0.
(ii) If L is a Lagrangian submanifold of T ∗M whih is monotone on the loops,
then it is monotone in the usual sense (i.e. on the disks) with the same
onstant kL = KL.
(iii) Note that the onverse of (iii) is not neessarily true in general. It is true
for instane if M is simply onneted.
(iv) This denition of monotone Lagrangian submanifold was already used by
Polterovih [20℄ for Lagrangian submanifolds of Cn, but in this ase, it
oinides with the usual denition.
(v) This assumption is neessary to bound from above the energy of solutions
having the same Maslov index (see Setion 3.5).
Notation 1.3. If L is a Lagrangian submanifold in T ∗M whih is monotone
on the disks, we will all Maslov number of L and denote NL the non-negative
generator of the subgroup 〈µL, π2(L)〉 of Z.
As in the exat ase, we will use a suitable version of Floer-Novikov homol-
ogy. The dierenes are the following:
(i) There is no ation funtional, so we will have to work with the ation one-
form (see Remark 3.11).
(ii) The fat that [π1(M) : f⋆(π1(L))] is nite does not hold in the monotone
ase without further assumption on the Maslov lass of L. For instane,
for any loal monotone Lagrangian submanifold in a Darboux hart, f⋆ :
π1(L)→ π1(M) is trivial and the index is not nite unless π1(M) is nite.
(iii) In the monotone ase, we have to take into aount the bubbling of J-
holomorphi disks. This makes the denition of Floer-Novikov homology
more intriate.
(iv) There are also dierenes on more tehnial points. For instane, in the
proof of invariane, we annot use an extension of a sympleti isotopy of
T ∗L to T ∗M as in the exat ase.
(v) In the monotone ase, the Floer homology is not always isomorphi to the
Novikov homology H⋆(L, f
⋆u). We will prove that it is the limit of a
spetral sequene (see Theorems 1.4 and 4.7, this is a Novikov version of
the spetral sequene desribed by Biran in [3℄ for the usual Lagrangian
Floer homology).
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Theorem 1.4. Let u be an element of H1(M). Assume that the Lagrangian
submanifold L is monotone on the loops, and of Maslov number NL ≥ 2. There
exists a spetral sequene {Ep,qr , dr} satisfying the following properties:
(1) Ep,q0 = Cp+q−pNL(L, f
⋆u)⊗ApNL and d0 = ∂0 ⊗ 1, where ∂0 is the Morse-
Novikov dierential;
(2) Ep,q1 = Hp+q−pNL(L, f
⋆u)⊗ApNL and d1 = [∂1]⊗ τ where
[∂1] : Hp+q−pNL(L, f
⋆u)→ Hp+1+q−(p+1)NL(L, f
⋆u) ;
(3) {Ep,qr , dr} ollapses at the page κ+1, where κ = [
dim(L)+1
NL
] and the spetral
sequene onverges to FH(L, u), i.e.⊕
p+q=ℓ
Ep,q∞
∼= FHℓ(modNL)(L, u).
Here A is the Λf⋆u-module A = Λf⋆u[T, T
−1] of Laurent polynomials with
oeients in Λf⋆u (see setion 2) and τi : A → A is the multipliation by T
i
.
The degree of T is equal to NL and A
pNL = Λf⋆u T
p
.
In partiular, when NL ≥ dim(M)+2, the spetral sequene above ollapses
at the rst page and the Floer-Novikov homology is equal to the Novikov ho-
mology H(L, f⋆u).
Using the tehniques of Damian, we prove:
Theorem 1.5. Let M be a losed manifold whih is the total spae of a bration
p : M → S1 on the irle. Let L be a Lagrangian submanifold of T ∗M whih is
monotone on the loops. Assume either that NL ≥ dim(M)+1 or (NL = dim(M)
and [π1(M) : π1(L)] is nite). We have:
(i) If 〈g1, g2, . . . , gp|r1, r2, . . . , rq〉 is a nite presentation of π1(L), then
p− q ≤ 1.
(ii) The fundamental group π1(L) is not isomorphi to a free produt G1 ⋆ G2
of two non trivial groups.
This theorem will be proved in setion 4.
Aknowledgements. I would like to thank Mi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disussions around this subjet and for their 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2 Novikov theory
Let us reall the denition of Novikov homology ([15℄, for a more detailed study,
see [22℄) and the results of Damian [5℄.
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Let L be a losed manifold and u ∈ H1(L,R). Denote by Λ the ring
Z/2[π1(L)] and by Λ̂ = Z/2[[π1(L)]] the group of formal series.
Let Λu be the ompleted ring of series
Λu =
{∑
nigi ∈ Λ̂ | gi ∈ π1(L), ni ∈ Z/2, u(gi)→ +∞
}
where u(gi)→ +∞ means here that for all A > 0, the set
{gi | ni 6= 0 and u(gi) < A}
is nite.
Denition 2.1. Let C(L˜) be the free Λ-omplex spanned by xed lifts of the
ells of a CW-deomposition of L to the universal over L˜ of L and
C(L, u) = Λu ⊗Λ C(L˜).
The homology of this omplex C(L, u) is the Novikov homology H(L, u).
Denition 2.2 (Morse-Novikov homology). Let α be a losed generi one-form
in the lass of u ∈ H1(L,R) and ξ be the gradient of α with respet to some
generi metri on L. For every ritial point c of α, x a lift c˜ of c in the
universal over L˜.
Let C(α, ξ) be the Λu-omplex spanned by the zeros of α and whose dier-
ential is suh that if c and d are zeros of index dierene equal to 1 then their
inidene number is the algebrai number of ow lines that joins c to d and lifts
to a path in L˜ from gic˜ to d˜.
By generi, we mean here that α has Morse-type singularities and ξ satises
the Morse-Smale ondition.
Theorem 2.3 (Novikov [15℄, Latour [11℄, see also Pazhitnov [19℄). For any
generi pair (α, ξ), the homology of this omplex is isomorphi to H(L, u).
Remark 2.4. In these two desriptions of the Novikov homology, one ould
replae L˜ by any integration overing L¯ of L (i.e. suh that the pull-bak of u is
zero). We will use this in our omparison between the Floer-Novikov homology
and the Novikov homology of L in Setion 4.
Let us end this setion by realling results proved in [5℄:
Proposition 2.5 (Damian [5℄, Sikorav [22℄). Let L be a losed manifold and
u ∈ H1(L,R).
a) Let 〈g1, g2, ..., gp|r1, r2, ..., rq〉 be a presentation of the fundamental group
π1(L) whih satises p− q ≥ 2. If u 6= 0, then H1(L, u) 6= 0.
b) Suppose that π1(L) = G1 ∗G2 is a free produt of two groups, none of them
being trivial. If u 6= 0, then H1(L, u) 6= 0.
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3 The Floer type omplex
Let i : L →֒ T ∗M be a Lagrangian embedding of a losed manifold L. Assume
that the image of L in T ∗M is monotone on the loops. Let (ϕt) be a sympleti
isotopy of T ∗M and denote by Lt the image of L by (ϕt).
Remark 3.1. As they are the images of L by sympletomorphisms, the La-
grangian submanifolds Lt are not neessarily monotone on the loops but they
are monotone on the disks. We an therefore apply to them all the results
onerning monotone (in the usual sense) Lagrangian submanifolds.
Let u ∈ H1(M ;R) denote the ux (or Calabi invariant) of (ϕt), that is the
lass:
Cal(ϕt) = [ϕ
⋆
1λM − λM ] ∈ H
1(T ∗M,R) ≃ H1(M,R).
The results proved in Setions 3.1 to 3.5 are used in Setion 3.5 to dene
a Λu-omplex C(L¯0, L¯1) spanned by the intersetion points of L0 = ϕ0(L) and
L1 = ϕ1(L). We prove in Setion 3.6 that this omplex depends only on L and
u = Cal(ϕt). We then explain in Setion 3.7 that these results an be used to
dene a free omplex over the Novikov ring Λf⋆u spanned by L ∩ ϕ1(L) whose
homology only depend on L and u.
3.1 Preliminary results
Let us rst notie that it is possible to restrit our sympleti isotopies to
isotopies of the following type:
Lemma 3.2. There exists a sympleti isotopy (ψt) on T
∗M suh that ψ1|L =
ϕ1|L whih is spanned by α + dHt, where α is a losed one-form in u and
H : T ∗M × [0, 1]→ R has ompat support.
Proof. As in the proof of [5, Lemma 3.2℄ (whih does not use the exatness
assumption on L), onsider a family of one-forms αt onM in the lass of ϕ
⋆
tλM−
λM . Note that the omposition of (ϕt) and of the sympleti isotopy spanned
by −αt is a ompatly supported Hamiltonian isotopy χt. The isotopy (ψt) an
then be dened as the omposition of χt with the sympleti isotopy spanned
by α1.
We will also require in the onstrution and appliations that the indued
map f⋆ : π1(L) → π1(M) is surjetive. It is enough to suppose that the index
[π1(M) : f⋆(π1(L))] is nite:
Remark 3.3. If f⋆ : π1(L) → π1(M) is not surjetive, let M1 be the overing
of M indued by the subgroup f⋆(π1(L)) of π1(M). The manifold L an be
lifted as a Lagrangian submanifold of T ∗M1 whih is monotone on the loops
(and whih has the same Maslov lass).
If [π1(M) : f⋆(π1(L))] is nite, then M1 is losed and the onlusion of
Theorem 1.5 in T ∗M is then just a onsequene of the same theorem for T ∗M1
where the surjetivity ondition is satised.
Although the index [π1(M) : f⋆(π1(L))] is always nite in the exat ase
(Lalonde and Sikorav, [10, Theorem 1 a)℄), this assumption is not always fullled
in the monotone ase. However, the index is neessarily nite for monotone
Lagrangian submanifolds if the Maslov number of L is large enough:
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Proposition 3.4. Let L be a Lagrangian submanifold of T ∗M whih is mono-
tone (on the disks). If NL ≥ dim(M) + 1, then the index of π1(L) in π1(M) is
nite.
Proof. If π1(L) → π1(M) is not surjetive, onsider again the overing M1 of
M indued by the subgroup f⋆(π1(L)) of π1(M) and the lift of L into T
∗M1.
If the overing group of M1 → M is innite, then M1 is open and the La-
grangian submanifold L an be displaed from itself by a Hamiltonian isotopy
(see [10, Proposition 1℄) so that the usual Floer homology HF (L,L) (with Z/2
oeients) must be trivial. But if the Maslov number of L is greater than
dim(M) + 2, we know by Oh's theorem ([18, Theorem II (i)℄) that this ho-
mology is isomorphi to the usual ohomology H⋆(L,Z/2) of L and this is in
ontradition with the vanishing of HF (L,L).
If NL = dim(M) + 1, then by [18, Theorem II (ii)℄,
HF (L,L) ≈
dim(M)⊕
i=0
Hi(L,Z/2) or
dim(M)−1⊕
i=1
Hi(L,Z/2)
and this also leads to a ontradition unless L is a Z/2-homology sphere.
However, if L is a Z/2-homology sphere, then H1(L,R) = 0 and in partiular
L is exat so that we an diretly apply the result of Lalonde and Sikorav to
see that the index is nite.
Remark 3.5. We annot expet to remove the assumption NL ≥ dim(M) + 1
in Proposition 3.4. Indeed, Polterovih proved in [20℄ (see also Audin [2℄ for
the onstrution) that for every two integer numbers 2 ≤ k ≤ n, there exists a
ompat manifold Ln,k whih admits a monotone Lagrangian embedding in C
n
(and onsequently loal monotone Lagrangian submanifolds in any otangent
bundle) with Maslov number equal to k suh that:
a) Ln,n = S
n−1 × S1/τn−1 × τ1 where τj : Sj → Sj is the antipodal involution;
b) Ln,k = Lk,k × Sn−k where k < n.
Remark 3.6. Thanks to Remark 3.3 and Proposition 3.4, it is enough to prove
Theorem 1.5 when the indued map
f⋆ : π1(L) −→ π1(M)
is surjetive. From now on, we will always suppose that f⋆ is surjetive.
Thanks to the surjetivity assumption on f⋆, we an onsider a onneted
overing of the Lagrangian submanifold L in the otangent bundle of the uni-
versal over of M :
Lemma 3.7. Let M˜ →M be the universal overing of M and p˜ : T ∗M˜ → T ∗M
be the indued overing on the otangent bundles. Denote by y 7→ yg the right
ation of π1(M) on T
∗M˜ .
Let L¯ → L be the pull-bak of the overing T ∗M˜ → T ∗M by the embedding
i : L→ T ∗M . Then:
(i) L¯ is path-onneted if and only if the map f⋆ : π1(L)→ π1(M) is surjetive.
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(ii) The overing L¯ → L orresponds to the overing of L assoiated with the
subgroup K = ker(f⋆) of π1(L).
(iii) The map ı˜ : L¯ → T ∗M˜ is a monotone Lagrangian embedding and for all
g ∈ π1(M), x˜ ∈ L¯,
ı˜(x˜g) = (˜ı(x˜))
g
.
The proof of this lemma uses only basi algebrai topology and an be found
in the appendix.
Lemma 3.8. Let (ϕt) be the sympleti isotopy generated by α + dHt. Then
this isotopy lifts to a Hamiltonian isotopy (ϕ˜t) on T
∗M˜ .
Moreover, if Lt = ϕt(L) and L¯t = ϕ˜t(L¯) , then
L¯ ∩ L¯1 =
⋃
x∈L∩L1
p˜−1(x).
Proof. As in the proof of [5, Lemma 3.6℄, whih does not involve any assumption
on the exatness/monotoniity of L, we an dene the isotopy (ϕ˜t) as the isotopy
spanned by the pullbak of α+ dHt to T
∗M˜ .
3.2 The ation one-form
In this setion, L is assumed to be a losed Lagrangian submanifold of T ∗M . It
is also assumed that L is monotone on the loops and that f⋆ : π1(L)→ π1(M)
is surjetive.
Let (ϕt) be a sympleti isotopy as in Lemma 3.2. Denote by u ∈ H1(M ;R)
its ux.
If Lt = ϕt(L), let Ω(L0, L1) be the spae of paths from L0 to L1:
Ω(L0, L1) = {z ∈ C
∞([0, 1];T ∗M) | z(i) ∈ Li, i = 0, 1}.
We dene a one-form on Ω(L0, L1) by:
νz(V ) =
∫ 1
0
ωM (z
′(t), V (t)) dt.
The zeros of ν are the onstant maps, that is, the intersetion points of L0
and L1.
The integral of ν on a loop involves the one-form u, as in the exat ase, but
also the monotoniity onstant kL of L:
Proposition 3.9. Let γ : S1 → Ω(L0, L1) be a loop. Then∫
γ
ν = λM (γ0)− λM
(
ϕ−11 (γ1)
)
− u(γ0) (3)
= kL (µL0(γ0)− µL1(γ1))− u(γ0) (4)
denoting γi = γ(S
1 × {i}) for i = 0, 1.
8
Proof. Considering the loop γ as a map γ : S1 × [0, 1]→ T ∗M , we get∫
γ
ν =
∫
S1
ν
(
∂γ
∂s
)
ds =
∫
S1
∫ 1
0
ωM
(
∂γ
∂t
,
∂γ
∂s
)
dt ds = −
∫
γ(S1×[0,1])
ωM .
Then, by the Stokes formula,∫
γ
ν =
∫
γ(S1×{0})
λM −
∫
γ(S1×{1})
λM
=
∫
γ(S1×{0})
λM −
∫
ϕ−11 (γ(S
1×{1}))
ϕ⋆1λM
=
∫
γ(S1×{0})
λM −
∫
ϕ−11 (γ(S
1×{1}))
λM −
∫
ϕ−11 (γ(S
1×{1}))
(ϕ⋆1λM − λM ) .
As ϕ⋆1λM − λM is a losed one-form in the ohomology lass u = Cal(ϕt), the
third term is equal to:
u
(
ϕ−11 (γ(S
1 × {1}))
)
= u
(
γ(S1 × {0})
)
.
So that ∫
γ
ν = λM (γ0)− λM
(
ϕ−11 (γ1)
)
− u (γ0) .
We now use the monotoniity of L to write:∫
γ
ν = kL
(
µL (γ0)− µL
(
ϕ−11 (γ1)
))
− u (γ0)
= kL (µL0 (γ0)− µL1 (γ1))− u (γ0)
sine ϕ1 is a sympleti isotopy.
Corollary 3.10. The ation one-form ν is losed.
Proof. The formula (3) proves that
∫
γ ν depends only on the homotopy lass of
γ in Ω(L0, L1).
Remark 3.11. We ould also lift ν to Ω(L¯0, L¯1) (as in the exat ase, see [5℄)
but the one-form is not neessarily exat on this spae. Nevertheless, we will be
able to arry out the onstrution of the omplex without needing a primitive
of ν.
Alternative setting
We an also dene a one-form on Ω(L,L). This setting will be useful in the
proof of Hamiltonian invariane (Setion 3.6).
Let Xα+dHtt be the sympleti dual of α+dHt, dened by ωM ( · , X
α+dHt
t ) =
(α+ dHt)(·). Denote by (ϕt) the isotopy spanned by X
α+dHt
t .
We an dene a one-form ν̂ on Ω(L,L) by:
ν̂z(V ) =
∫ 1
0
ωM (z
′(t), V (t)) + (α+ dHt)(V (t)) dt.
The zeros of ν̂ are the ow trajetories beginning on L (at time 0) and ending
on L (at time 1).
9
If γ : S1 → Ω(L,L) is a loop in Ω(L,L), we have as in Proposition 3.9:∫
γ
ν̂ = −
∫
S1×[0,1]
γ⋆ωM +
∫
S1
∫ 1
0
(α+ dHt)
(
∂γ
∂s
)
dt ds
with∫
S1
∫ 1
0
(α + dHt)
(
∂γ
∂s
)
dt ds =
∫
S1
∫ 1
0
α
(
∂γ
∂s
)
dt ds =
∫ 1
0
∫
γ(·,t)
α dt
=
∫
γ(·,0)
α = u (γ0)
sine
∫
γ(·,t) α does not depend on t. Thus, we have
∫
γ
ν̂ = = λM (γ0)− λM (γ1) + u (γ0) (5)
= kL (µL(γ0)− µL(γ1)) + u (γ0) . (6)
Remark 3.12. Note that these two settings are equivalent: if ν− is the one-
form dened on Ω(L0, ϕ
−1(L0)) with the sympleti isotopy (ϕ
−1
t ), then the map
Γ(z) = ϕ−1t (z) is a 1 to 1 orrespondene between Ω(L,L) and Ω(L0, ϕ
−1(L0))
and we have
Γ⋆ν− = ν̂.
(The fat that the orrespondene uses ϕ−1t instead of ϕt explains the dierene
of signs between the relations (3) and (4) on the one hand, and (5) and (6) on
the other hand.)
3.3 The gradient
Let (Jt) be a family of almost omplex strutures on T
∗M that are ompatible
with ωM and (gt) be the family of assoiated Riemannian metris on T
∗M .
We onsider the trajetories of the opposite of the gradient of the one-form ν
with respet to the indued metri on Ω(L0, L1). These are, as maps of two
variables, solutions of the Cauhy-Riemann equation.
We dene for a solution v of the Cauhy-Riemann equation its energy
E(v) =
∫
R×[0,1]
∥∥∥∥∂v∂s
∥∥∥∥2 dt ds.
Denote then by M(L0, L1) the spae of trajetories of nite energy:
M(L0, L1) =

v ∈ C
∞(R× [0, 1], T ∗M)
∣∣∣∣∣∣∣∣∣
∂v
∂s
+ Jt(v)
∂v
∂t
= 0
v(s, 0) ∈ L0 and v(s, 1) ∈ L1
E(v) <∞

 .
In partiular, if v ∈M(L0, L1), then as in Proposition 3.9:
E(v) =
∫
R×[0,1]
v⋆ωM =
∫
R×[0,1]
ωM
(
∂v
∂s
,
∂v
∂t
)
dt ds = −
∫
v
ν.
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Denote also for x, y ∈ L0 ∩ L1:
M(x, y) =


v ∈ C∞(R× [0, 1], T ∗M)
∣∣∣∣∣∣∣∣∣∣
∂v
∂s
+ Jt(v)
∂v
∂t
= 0
lim
s→−∞
v(s, ·) = x
lim
s→+∞
v(s, ·) = y


and
M∗(x, y) =
{
M(x, y) for x 6= y
M(x, x)\{x} for x = y.
From [6℄ and [16℄, we have
Theorem 3.13.
M(L0, L1) =
⋃
x,y∈L0∩L1
M(x, y).
Let (J˜t) be a family of almost omplex strutures on T
∗M˜ obtained by lift-
ing the family (Jt) and let M˜(L¯0, L¯1), M˜(x˜, y˜), and M˜∗(x˜, y˜) be the spaes of
solutions in T ∗M˜ dened in a similar way as in T ∗M . Then these spaes also
satisfy Theorem 3.13 and p˜ maps M˜(L¯0, L¯1) ontoM(L0, L1), so that a solution
and its image by p˜ have the same energy.
In the alternative setting, we onsider the trajetories of the opposite of the
gradient of the one-form ν̂ with respet to the metri dened on Ω(L,L) by a
family of ompatible almost omplex strutures (Ĵt).
Denote
M̂(L,L) =

v ∈ C
∞(R× [0, 1], T ∗M)
∣∣∣∣∣∣∣∣∣
∂v̂
∂s
+ Ĵt(v̂)
(
∂v̂
∂t
−X
α+dHt(bv)
t
)
= 0
v(s, 0) ∈ L and v(s, 1) ∈ L
E(v) <∞

 ,
with the energy dened by the same formula as above.
If v̂ ∈M(L,L), then again
E(v̂) =
∫
R×[0,1]
∥∥∥∥∂v̂∂s
∥∥∥∥2 dt ds =
∫
R×[0,1]
ωM
(
∂v̂
∂s
, Ĵt(v̂)
∂v̂
∂s
)
dt ds
=
∫
R×[0,1]
ωM
(
∂v̂
∂s
,
∂v̂
∂t
−Xα+dHt(v̂)
)
dt ds
=
∫
R×[0,1]
ωM
(
∂v̂
∂s
,
∂v̂
∂t
)
dt ds−
∫
R×[0,1]
(α+ dHt)
(
∂v̂
∂s
)
dt ds
= −
∫
bv
ν̂
and we dene analogously the spae of solutions M̂(x, y) and M̂∗(x, y).
Remark 3.14. There is also a orrespondene between the two settings for the
gradient trajetories. For all v̂ ∈ M̂(L,L), we an assoiate the map v dened
by
v(s, t) = ϕ−1t (v̂(s, t)).
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Let (Jt) and (Ĵt) be two families of ompatible almost omplex strutures on
T ∗M suh that
Ĵt = (ϕt)⋆Jt(ϕ
−1
t )⋆.
Then
∂v
∂s
+ Jt(v)
∂v
∂t
= (ϕ−1t )⋆
[
∂v̂
∂s
+ Ĵt(v̂)
(
∂v̂
∂t
−X
α+dHt(bv)
t
)]
,
and
E(v̂) = E(v)
so that the map v̂ 7→ v denes a bijetion between M̂(L,L) andM(L0, ϕ
−1
1 (L0)).
3.4 Transversality and ompatness
In order to dene our Floer-type homology, let us hek now the transversality
and ompatness requirements.
3.4.1 Transversality
We have a lassial transversality result of Floer theory:
Theorem 3.15. Assume that L0 et L1 are transverse.
Then for a generi hoie of Jt, the spaes M(x, y) are manifolds of nite di-
mension, of loal dimension at v ∈M(x, y) the Maslov-Viterbo index (see [23℄)
of v.
The same result is true for M˜(x˜, y˜) and the map p˜ indues a dieomorphism
p˜ : M˜(x˜, y˜)→M(x, y)
for p˜(x˜) = x and p˜(y˜) = y.
Proof. It is a transversality result analogous to [5, Theorem 3.12℄ and it an be
proved as in [7℄ (see also [16℄).
Remark 3.16. In the ase of the alternative setting, a one-form α+ dHt being
given, there exists a generi Hamiltonian ht (with ompat support) suh that,
if (ψt) is the sympleti isotopy spanned by α + dHt + dht, then L and ψ1(L)
are transverse.
Using the orrespondene 3.14, we are then able to dedue from Theo-
rem 3.15 that the spaes M̂(x, y) are submanifolds for a generi hoie of family
of ompatible almost omplex struture.
3.4.2 Compatness
Let x and y be two intersetion points of L0 and L1 and let A > 0. Denote by
M∗A(x, y) = {v ∈ M
∗(x, y) | E(v) ≤ A}
the spae of solutions of nite energy between x and y.
The translation in the s variable (dened by (σ ·v)(s, t) = v(σ+s, t)) indues
a free ation of R on M∗(x, y). Let L(x, y) denote the quotient M∗(x, y)/R.
Let us reall the result of onvergene modulo bubbling of a sequene of
elements of M∗A(x, y) (as stated in [16, Proposition 3.7℄): if (vn) is a sequene
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of elements ofM∗A(x, y) with a xed index equal to I, then there exists a subse-
quene onverging (modulo translations, i.e. in the quotient L(x, y)) to a usp
urve (v, w, u) (where v is a nite olletion of solutions vi ∈ M∗A(zi, zi+1), w
is a nite olletion of J-holomorphi disks wj and u is a nite olletion of
J-holomorphi spheres uk) suh that∑
i
∫
(vi)⋆ω +
∑
j
∫
(wj)⋆ω +
∑
k
∫
(uk)⋆ω ≤ A
∑
i
µ(vi) +
∑
j
µ(wj) +
∑
k
2c1(u
k) = µ0.
In our ase, the ambient sympleti manifold is the otangent bundle of the
manifold M so that no bubbling of J-holomorphi spheres ours.
Proposition 3.17. Let L be a monotone Lagrangian manifold of Maslov num-
ber NL ≥ 3. Then:
(i) For any sequene of elements (vn) in the one-dimensional omponent of
M∗A(x, y), there exists a sequene (σn) of real numbers, suh that a sub-
sequene of (σn · vn) onverges in M∗A(x, y);
(ii) if (vn) is a sequene of elements of M∗A(x, z) of index 2, then
• either there exists a sequene (σn) of real numbers suh that a subse-
quene of (σn · vn) onverges to a solution v in M∗A(x, z);
• or there exists a pair of sequenes ((σ1n), (σ
2
n)) of real numbers and
a pair of solutions (v1, v2) ∈ M∗A(x, y) × M
∗
A(y, z), for some in-
tersetion point y, suh that, for every i ∈ {1; 2}, a subsequene of
(σin · vn) onverges to v
i
(in this ase one says that (vn) onverges to
the broken orbit (v1, v2)).
Remark 3.18. Proposition 3.17 will be used in Setion 3.5 to prove the om-
patness of the spae of trajetories. Note that statement (i) in Proposition 3.17
also holds in the ase NL = 2. We will deal with the onvergene of a sequene of
elements ofM∗A(x, z) of index 2 in the ase NL = 2 in the proof of Lemma 3.21.
Proof of Proposition 3.17.
(i) If (vn) is a sequene of elements of M∗A(x, y) of index 1, then there exists a
subsequene that onverges to a  usp  urve (v, w, ∅) suh that∑
i
∫
(vi)⋆ω +
∑
j
∫
(wj)⋆ω ≤ A (7)
∑
i
µ(vi) +
∑
j
µ(wj) = 1. (8)
Sine the area of a J-holomorphi disk wj is non-negative, the mono-
toniity assumption on L (the monotoniity on the disks is suient here)
gives µ(wj) ≥ 3. Beause of (8), there is no bubbling of J-holomorphi
disk (w = ∅). Moreover, the dimension of M∗(x, y) is at least 1 (beause
of the free ation of R), so that the Maslov lass of a solution vi is at
least 1. Hene, the olletion v an only ontain one element that belongs
to v ∈ M∗A(x, y).
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(ii) As in (i), no bubbling of J-holomorphi disks an our. As a onsequene,
there is a subsequene onverging to a broken orbit v suh that∑
i
µ(vi) = 2
and hene v admits at most two omponents.
For the onstrution of the omplex we need a homotopy lemma:
Lemma 3.19. Let (vn) be a sequene of elements of M∗A(x, y) of index either 1
or 2 having a subsequene onverging either to v = v1 ∈ M∗A(x, y) or to v =
{v1, v2} with (v1, v2) ∈ M∗A(x, y)×M
∗
A(y, z).
Let γn : [−∞; +∞] → L0 be the path dened by γn(s) = vn(s, 0) (extended
at s = −∞ by x and at s = +∞ by y). Let γi : [−∞; +∞] → L0 be the paths
dened analogously for the vi.
Then, for n large enough, γn is homotopi to either γ
1
(when v = v1) as a
path from x to y, or to the onatenation of paths γ1 ⋆ γ2 (when v = {v1, v2})
as a path from x to z.
Proof. The proof is similar to [5, Lemma 3.16℄ if we add the assumption on the
index ensuring that no bubbling of J-holomorphi disks an our.
3.5 The dierential of the Floer omplex
Let x and y be two intersetion points of L0 and L1. In this setion, we dene
an inidene number [x, y].
Let L0(x, y) be the zero-dimensional omponent of L(x, y). For all z ∈
L0 ∩ L1, x a lift z˜ ∈ T ∗M˜ . For g ∈ π1(M), denote by L0g(x, y) ⊂ L
0(x, y) the
subset of trajetories that lift to L˜(x˜g, y˜) (with the same notation for the ation
of π1(M) as in Lemma 3.7).
Let us state and prove a lemma that will replae [5, Lemma 3.16℄ in our
onstrution.
Lemma 3.20. Assume that NL ≥ 2. For all x, y in L0∩L1 and all g in π1(M),
the set L0g(x, y) is nite.
If ng denotes the ardinal modulo Z/2, the number
∑
ngg belongs to the
Novikov ring Λ−u.
Proof. The elements of L0g(x, y) are lasses of solutions v whih belong to the
one-dimensional omponent ofM∗(x, y). We prove that these solutions all have
the same energy. For that purpose, we prove that two solutions from x to y,
whih have the same index, and whih an be both lifted to trajetories from
x˜g to y˜, have the same energy.
We onsider a solution
v : [−∞,+∞]× [0, 1] −→ T ∗M
in M(x, y) as a path in Ω(L0, L1) from x to y. If v is suh a path, let
v : [−∞,+∞]× [0, 1] −→ T ∗M
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be the inverse path dened by
v(s, t) = v(−s, t).
Let v1 and v2 be two elements of M(x, y) satisfying µ(v1) = µ(v2). If we
denote by γ = v2#v1 the onatenation of the paths v2 and v1 (in this order),
then γ is a loop in Ω(L0, L1) based in x (see Figure 3.1). Note that here, we use
the notation Ω(L0, L1) for the spae of paths from L0 to L1 whih are pieewise
smooth instead of just smooth as in Setion 3.2.
PSfrag replaements
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Figure 3.1: the loop γ
Then ∫
γ
ν = −
∫
γ⋆ωM
= −
∫
v⋆2ωM +
∫
v⋆1ωM
= E(v1)− E(v2).
and thanks to the monotoniity on the loops, by Proposition 3.9,∫
γ
ν = kL(µL0(γ0)− µL1(γ1))− u(γ0)
with µL0(γ0)− µL1(γ1) = µ(v2)− µ(v1) = 0.
Moreover, if the lifts of v1 and v2 are trajetories from x˜
g
to y˜, γ0 an be
lifted to a loop based in x˜g . Therefore, γ0 is homotopi to the onstant loop in
T ∗M and this implies that u(γ0) = 0 and
∫
γ ν = 0. We have thus proved that
v1 and v2 have the same energy.
Assume that NL ≥ 2. We an then apply Proposition 3.17 and Remark 3.18:
a sequene of solutions (vn) between x and y of Maslov index 1 has a subsequene
onverging to a solution of M∗(x, y). Thanks to Lemma 3.19, this solution an
be lifted to a trajetory from x˜g to y˜. This means that the spae L0g(x, y) is
a ompat spae of dimension zero and hene it has only a nite number of
elements.
For the seond part of the lemma, it is enough to show that for C > 0, the
set ⋃
−u(g)≤C
L0g(x, y)
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is ompat (so that it is nite). A sequene (vn) in this spae an be lifted to a
sequene (vn) in the one-dimensional omponent of M∗(x, y). But if v1 and v2
are two solutions from x to y with same Maslov lass, we have:
E(v1)− E(v2) = kL(µ(v2)− µ(v1))− u(γ0) = −u(γ0),
where γ denotes the onatenation v2#v1 as above.
If v1 an be lifted to a trajetory from x˜
g1
to y˜ and v2 to a trajetory from
x˜g2 to y˜, γ an be lifted as a path from x˜g2 to x˜g1 so that u(γ0) = u(g
−1
2 g1) and
E(v1)− E(v2) = u(g2)− u(g1).
As a onsequene, if we onsider a sequene of solutions (vn), eah vn being
lifted as a trajetory from x˜gn to y˜ with −u(gn) ≤ C, then:
E(vn) = E(v0)− u(gn) + u(g0) ≤ C + E(v0) + u(g0).
The energy of the elements of this sequene is bounded and we an apply Propo-
sition 3.17: (vn) has a onverging subsequene and the limit of this subsequene
an be lifted to a path from x˜g∞ to y˜ whih satisfy:
−u(g∞) = E(v∞)− E(v0) + u(g0) ≤ C.
This means that (vn) has a onverging subsequene in
⋃
−u(g)≤C
L0g(x, y) whih
is therefore ompat.
We an now dene the inidene number:
[x, y] =
∑
g∈π1(M)
ng(x, y)g,
where ng(x, y) is the ardinality of L0g(x, y). We dene the omplex C⋆(L¯0, L¯1, Jt)
as the Λu-vetor spae spanned by the intersetion points of L0 and L1 endowed
with the dierential:
∂x =
∑
g∈π1(M),y∈L0∩L1
ng(x, y)gy.
Lemma 3.21. If NL ≥ 2, ∂ ◦ ∂ = 0.
Proof. In order to prove the relation ∂2 = 0, one has to prove that for all
g ∈ π1(M) and all x, z ∈ L0 ∩ L1, we have:∑
y∈L0∪L1,g′,g′′∈π1(M),g′g′′=g
ng′(x, y)ng′′ (y, z) = 0. (9)
When NL ≥ 3, this is, using Proposition 3.17 as in [5, Lemma 3.18℄, a on-
sequene of the ompatiation of the one-dimensional omponent of Lg(x, y)
with broken trajetories (see gure 3.2). This ompatiation is a ompat
1-dimensional manifold whose boundary is⋃
y∈L0∪L1,g′,g′′∈π1(M),g′g′′=g
L0g′(x, y)× L
0
g′′ (y, z).
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Figure 3.2: The ompatiation with broken trajetories
Let us onsider now the ase NL = 2. Oh notied in [17℄ that his extension
of the Floer omplex to the monotone ase is possible under this assumption.
This is also possible for the Floer-Novikov omplex. Indeed, in the proof that
the zero-dimensional omponent of Lg(x, y) is ompat, one only needs that
NL ≥ 2 and it is then possible to dene the Floer dierential.
The ondition NL ≥ 3 is used to avoid bubbling in the onvergene of a
sequene of solutions of index 2 and prove that the square of the dierential is
zero. Let us prove that this is also true for NL = 2.
The only sequenes for whih the bubbling of a J-holomorphi disk an our
are sequenes of solutions from an intersetion point x to itself that have Maslov
index 2. Then the bubble also has Maslov index 2.
In this ase, it is possible to ompatify the one-dimensional omponent of
Lg(x, x) by adding to the broken trajetories the pairs formed by a onstant
trajetory and a J-holomorphi disk with boundary either on L0 or L1 (this is
similar to [17℄).
Note also that only a sequene of solutions that an be lifted to paths from x˜
to x˜ an onverge to a J-holomorphi disk, so that this type of ompatiation
is only needed for Le(x, x), where e is the identity element of π1(M). Hene (9)
holds also for g 6= e with the previous type of ompatiation.
When g = e, we have as in [17℄,∑
y∈L0∪L1,g′,g′′∈π1(M),g′g′′=g
ng′(x, y)ng′′ (y, z) = ΦL0(x) + ΦL1(x)
where ΦLi(x) is the number (modulo 2) of J-holomorphi disks with Maslov
index 2 with boundary on Li and that pass through the point x. Here we
use that ΦLi(x) is preserved under sympleti isotopies (in [17℄, Oh uses only
Hamiltonian isotopies but the proof is similar with sympleti isotopies) to see
that ΦL0(x) + ΦLi(x) = 0 mod 2. Therefore, ∂ ◦ ∂ = 0 even in the ase
NL = 2.
Remark 3.22. One an dene the same way a omplex C⋆(L¯, ϕt, Ĵt) spanned by
the zeros of the one-form ν̂ and dene a dierential using the spaes M̂(x, y). By
the orrespondene 3.14, the Λu-omplexesC⋆(L¯, ϕt, Ĵt) and C⋆(L¯0, ϕ˜1
−1(L¯0), Jt)
are isomorphi.
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3.6 Hamiltonian invariane
Denote H⋆(L¯0, L¯1, Jt) the homology of the omplex C⋆(L¯0, L¯1, Jt) dened in
Setion 3.5. We have assumed that L1 = ϕ1(L0) where the isotopy (ϕt) is
supposed to be spanned by α + dHt with α a losed one-form on M and H a
Hamiltonian with ompat support on T ∗M × [0, 1].
We now prove that this homology does not depend on the generi hoie of
the pair (Jt, Ht). For that purpose, we will use the alternative setting and the
omplex C⋆(L¯, ϕt, Jt). We denote by H⋆(L¯, ϕ
α+dHt
t , Jt) its homology.
Theorem 3.23. For any two generi pairs (Ht, Jt) and (H
′
t, J
′
t), there exists
an isomorphism
Ψ : H⋆(L¯, ϕ
α+dHt
t , Jt) −→ H⋆(L¯, ϕ
α+dH′t
t , J
′
t).
Proof. As in the proof of [5℄, dene a morphism of Λu-omplexes
Ψ⋆ : C⋆(L¯, ϕ
α+dHt
t , Jt) −→ C⋆(L¯, ϕ
α+dH′t
t , J
′
t)
assoiated to a family of funtions Hs,t : T
∗M → R and a family of ompatible
almost omplex strutures Js,t ontinuous in (s, t) ∈ R2 and satisfying:
(H(s,t), J(s,t)) =
{
(Ht, Jt) for s < −R
(H ′t, J
′
t) for s > R.
Consider the spae
MH(s,t),J(s,t)(L) =

v : R× [0, 1]→ T
∗M
∣∣∣∣∣∣∣∣∣
∂v
∂s
+ Js,t
(
∂v
∂t
−X
α+dHs,t
s,t
)
v(s, i) ∈ L pour i = 0, 1, s ∈ R
E(v) <∞

 .
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An element v of this spae onverges to a zero x of the one-form ν̂ when s
goes to −∞ and to a zero y of the one-form ν̂ ′ (whih orresponds to the
Hamiltonian H ′t) when s goes to +∞. As in Theorem 3.13, we have:
MH(s,t),J(s,t)(L) =
⋃
x,y
MH(s,t),J(s,t)(x, y)
with
MH(s,t),J(s,t)(x, y) =


v : R× [0, 1]→ T ∗M
∣∣∣∣∣∣∣∣∣∣∣∣∣
∂v
∂s
+ Js,t
(
∂v
∂t
−X
α+dHs,t
s,t
)
v(s, i) ∈ L for i = 0, 1, s ∈ R
lim
s→−∞
v(s, t) = x(t)
lim
s→+∞
v(s, t) = y(t)


,
where x (respetively y) are the zeros of the one-form ν̂ (respetively ν̂ ′).
We also have a transversality result for these spaes: for a generi hoie of
the pair (Hs,t, Js,t), the spaes MH(s,t),J(s,t)(x, y) are manifolds of loal dimen-
sion given by the Maslov index of a solution.
We also need a ompatness result:
Lemma 3.24. For all A > 0, the zero-dimensional omponent of
MH(s,t),J(s,t)(x, y;A) =
{
v ∈MH(s,t),J(s,t)(x, y) | E(v) ≤ A
}
is nite.
Proof. The proof is standard sine no bubbling ours in dimension 0 (see e.g.
[5, Lemma 3.22℄).
As before, we x a lift x˜ in T ∗M˜ for every zero x of the one-form ν̂ and a
lift y˜ for every zero y of the one-form ν̂ ′ (remember that the zeros of ν̂ are ow
trajetories beginning on L and ending on L). Consider for all g of π1(M) and all
zeros x and y of ν̂ and ν̂ ′ respetively, the spaeMg,s(x, y) ⊂MH(s,t),J(s,t)(x, y)
of solutions that an be lifted to T ∗M˜ in paths from x˜g to y˜. We show that:
Proposition 3.25. For any xed index I, let
MIg,s(x, y) =Mg,s(x, y) ∩M
I
H(s,t),J(s,t)
(x, y)
be the spae of elements of index I in Mg,s(x, y). The energy of any element of
MIg,s(x, y) is bounded from above by some positive onstant A, that is :
MIg,s(x, y) ⊂MH(s,t),J(s,t)(x, y;A).
Corollary 3.26. The spae M0g,s(x, y) is nite.
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Proof of Proposition 3.25. Here again, we adapt the proof of [5℄ (see also [12℄).
We do not have a primitive of ν̂ but it is possible to bound from above the
dierene of the energy of two solutions by a onstant independent of the solu-
tions.
Consider the norm dened by the ompatible metri ωM ( · , J(s,t)·). The
energy of a solution v of MH(s,t),J(s,t)(L) an be written:
E(v) =
∫
R×[0,1]
∥∥∥∥∂v∂s
∥∥∥∥2 dt ds
=
∫
R×[0,1]
ωM
(
∂v
∂s
, Js,t
∂v
∂s
)
dt ds
=
∫
R×[0,1]
ωM
(
∂v
∂s
,
∂v
∂t
−X
α+dHs,t
s,t
)
dt ds
=
∫
v
ωM −
∫
R×[0,1]
(α+ dHs,t)
(
∂v
∂s
)
dt ds.
Let z0 ∈ Ω(L,L) and let w be a xed path in Ω(L,L) that joins y to z0.
We onsider v : [−∞,+∞]× [0, 1] as a path in Ω(L,L) from x to y and we
use the onatenation v#w of v and w.
PSfrag replaements
v w
x y z0
L
L
Figure 3.4: The path v#w
Suppose that w has been hosen in suh a way that it an be lifted to a path
joining y˜ and z˜0.
We prove∫
v#w
ν̂ −
∫
w
ν̂ ′ = −E(v) +
∫
R×[0,1]
∂H
∂s
(s, t, v) dt ds+ C1 (10)
where
C1 =
∫
[0,1]
Ht(z0)−H
′
t(z0) dt
is independant of v.
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We have:∫
v#w
ν̂ −
∫
w
ν̂ ′ = −
∫
v#w
ωM +
∫
R×[0,1]
(α+ dHt)
(
∂v
∂s
)
dt ds
+
∫
R×[0,1]
(α+ dHt)
(
∂w
∂s
)
dt ds
+
∫
w
ωM −
∫
R×[0,1]
(α+ dH ′t)
(
∂w
∂s
)
dt ds
= −
∫
v
ωM +
∫
R×[0,1]
∂
∂s
(Ht(v) +Ht(w) −H
′
t(w)) dt ds
+
∫
R×[0,1]
α
(
∂v
∂s
)
,
with∫
R×[0,1]
∂
∂s
(Ht(v) +Ht(w) −H
′
t(w)) dt ds =
=
∫
[0,1]
H ′t(y)−Ht(x) dt+
∫
[0,1]
Ht(z0)−H
′
t(z0) dt
=
∫
R×[0,1]
∂
∂s
Hs,t(v) dt ds+ C1
=
∫
R×[0,1]
dHs,t
(
∂v
∂s
)
dt ds+
∫
R×[0,1]
∂H
∂s
(s, t, v) dt ds+ C1.
Consequently∫
v#w
ν̂ −
∫
w
ν̂ ′ = −
∫
v
ωM +
∫
R×[0,1]
(α+ dHs,t)
(
∂v
∂s
)
dt ds
+
∫
R×[0,1]
∂H
∂s
(s, t, v) dt ds+ C1∫
v#w
ν̂ −
∫
w
ν̂ ′ = −E(v) +
∫
R×[0,1]
∂H
∂s
(s, t, v) dt ds+ C1. (11)
Now, let v1 and v2 be two elements of Mg,s(x, y). From (10), we have:
E(v1)− E(v2) = −
∫
v1#w
ν̂ +
∫
v2#w
ν̂
+
∫
R×[0,1]
∂H
∂s
(s, t, v1) dt ds−
∫
R×[0,1]
∂H
∂s
(s, t, v2) dt ds.
As
∂H
∂s
: R× T ∗M → R
has ompat support, there exists a onstant C2 ≥ 0 that does not depend on
the vi (i = 1, 2) suh that∫
R×[0,1]
∂H
∂s
(s, t, v1) dt ds−
∫
R×[0,1]
∂H
∂s
(s, t, v2) dt ds ≤ C2.
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Moreover, if γ is a loop (based in x) of M(L,L) obtained by onatena-
tion of the paths v2#w and v1#w, then by the monotoniity ondition (and
Formula (6))
−
∫
v1#w
ν̂ +
∫
v2#w
ν̂ =
∫
γ
ν̂
= kL (µL(γ0)− µL(γ1)) + u (γ0)
with µL(γ0)− µL(γ1) = µ(v2)− µ(v1) = 0.
The paths v1 and v2 belong to Mg,s(x, y), so that γ an be lifted to a path
from x˜g to x˜g. The path γ0 is then homotopi to the onstant path and we
obtain the inequality:
E(v1)− E(v2) ≤ C2.
This proves that if we x an element v0 in Mg,s(x, y), then for all v in
Mg,s(x, y), E(v) ≤ E(v0) + K and onsequently Mg,s(x, y) is ontained in
MH(s,t),J(s,t)(x, y;A) for some positive onstantA. This proves Proposition 3.25.
The spae M0g,s(x, y) is thus nite and we an dene the morphism of om-
plexes
Ψ⋆ : C⋆(L¯, ϕ
α+dHt
t , Jt) −→ C⋆(L¯, ϕ
α+dH′t
t , J
′
t)
by
Ψ⋆(x) =
∑
g∈π1(M),y
mg(x, y)gy
where mg(x, y) is the ardinality of M0g,s(x, y) modulo 2.
In order to hek that the oeients belong to Λu, we use the omputations
in the proof of 3.25 but this time with v1 in Mg1,s(x, y) and v2 in Mg2,s(x, y)
for two elements g1 and g2 of π1(M). The loop γ an then be lifted to a path
from x˜g2 to x˜g1 so that u(γ0) = u(g
−1
2 g1) = −u(g2) + u(g1) and
E(v1)− E(v2) ≤ u(g1)− u(g2) + C2.
If v0 is a xed element of Mg0,s(x, y), we have for all v of Mg,s(x, y) with
u(g) < C,
E(v) ≤ E(v0) + C − u(g0) + C2,
and this implies that
⋃
u(g)<C
M0g,s(x, y) is ontained in M
0
H(s,t),J(s,t)
(x, y;A) for
some positive onstant A, so that this union is nite.
We use the usual methods of Floer theory to nish the proof of the theorem:
• The fat that Ψ⋆ ommutes with the dierentials omes from the study of
the ompatiation with the help of broken trajetories of the 1-dimensionnal
omponent of MH(s,t),J(s,t)(x, y).
• The map Ψ⋆ indues an isomorphism in homology: to prove this, it is
enough to onsider the morphism dened analogously between
C⋆(L¯, ϕ
α+dH′t
t , J
′
t) and C⋆(L¯, ϕ
α+dHt
t , Jt)
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and to show that the omposition of these morphisms are homotopi to
the identity.
Notation 3.27. By Theorem 3.23, the homology of the omplex C⋆(L¯, ϕt, Jt)
only depends on the ux u of the sympleti isotopy (ϕt). Hene we will denote
its homology by FH(L¯, u) in the following.
3.7 Floer-Novikov omplex over Λf⋆u
Thanks to Lemmata 3.20, 3.21 and 3.19, one an apply [5, Proposition 3.25℄ and
dene a Λf⋆u-omplex C⋆(L,ϕt, Jt) spanned by the intersetion points of L and
ϕ1(L) suh that f⋆ : π1(L)→ π1(M) indues a morphism from C⋆(L¯, ϕt, Jt) to
C⋆(L¯, ϕt, Jt) via the ring morphism f : Λf⋆u → Λu.
The dierential of this omplex is dened for x in L0 ∩ L1 by
∂x =
∑
y∈L0∩L1
[x, y]∼ y,
with
[x, y]∼ =
∑
h∈π1(L)
#2L˜h(x, y) h,
where for any h ∈ π1(L), #2L˜h(x, y) is the set of paths in L from x to y whih
lift to the universal overing L˜ of L to paths from hx˜ to y˜. One an prove as in
Setion 3.6 that the homology of this omplex does not depend on the generi
hoie of the pair (Jt, Ht). We will denote this homology FH(L, u).
4 Floer homology and Novikov theory
In this setion, we prove Theorem 1.4 of the introdution. We dedue this theo-
rem from an analogous result whih relates FH(L¯, u) and the Novikov homology
H(L¯, f⋆u) of L assoiated to f⋆u and the overing L¯→ L (dened in Lemma 3.7
as the pull-bak of the overing T ∗M˜ → T ∗M , see also Remark 2.4).
4.1 Relation between FH(L¯, u) and H(L¯, f ⋆u)
We rst prove that the Floer-Novikov homology FH(L¯, u) is invariant by small
resaling of u:
Proposition 4.1. Let u be an element of H1(M).
Assume that the Lagrangian submanifold L is monotone on the loops with Maslov
number NL ≥ 2.
Then there exists ε > 0 suh that for every real number σ satisfying |σ| < ε,
FH(L¯, (1 + σ)u) ≃ FH(L¯, u).
Proof. In the exat ase, Damian uses the sympleti isotopy of T ∗L spanned
by a 1-form in the lass of f⋆u. Thanks to the exatness of L, he extends it to
T ∗M , so that the zeros of the assoiated one-form are onstant paths. This is
partiularly useful for the hoie of a one-form representing u in the denition
of FH(L¯, (1 + σ)u).
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In the monotone ase, we annot use this result on the extension of symple-
ti isotopies of T ∗L to T ∗M . But, what we atually need for the proof (see [5℄
and also [12℄) is a sympleti isotopy with the property that the projetion of
the ow trajetories on the base spae M (and in partiular the projetion of
the zeros of the one-form ν̂ assoiated to this isotopy) lie in small balls.
More preisely, let α be a losed one-form in the lass of u and J be a
xed ompatible almost omplex struture. Assume that this almost omplex
struture indues a omplete metri gJ on T
∗M .
Lemma 4.2. There exists a onstant c1 > 0 suh that, for every δ > 0, there
exists a Hamiltonian
H : [0, 1]× T ∗M → R
with ompat support and a family of almost omplex strutures (Jt) satisfying
‖Ht‖ǫ < δ and ‖Jt − J‖ < δ suh that:
(i) the pair (α+ dHt, Jt) satises the transversality assumption;
(ii) the anonial projetion π of T ∗M maps a zero x of the one-form ν̂ as-
soiated to the sympleti isotopy spanned by α + dHt into a ball in M
entered in π(x(0)) with radius c1δ.
The norm ‖ ‖ǫ is the usual norm on the Hamiltonians used in transversality
results (see [7℄, [12℄):
‖h‖ǫ =
∞∑
k=0
ǫk‖h‖Ck([0,1]×T∗M)
where ǫk > 0 is a suiently rapidly dereasing sequene.
Proof. The sympleti isotopy ϕαt of T
∗M spanned by the sympleti dual Xα
of α an be written:
ϕαt (p, q) = (p+ tαq, q).
Note that the trajetory ϕαt (p0, q0) of X
α
in T ∗M with initial ondition the
point (p0, q0) lies in the ber of q0 ∈M .
Note also that ϕαt does not neessarily satisfy the transversality assumption
between L and ϕα1 (L) so that it may not be possible to use this isotopy for the
desription of HF (L, u).
Nevertheless, by the transversality theorem (Theorem 3.15) and Remark 3.16,
for every δ > 0, there exists a Hamiltonian H : [0, 1]×T ∗M → R with ompat
support and a family of almost omplex strutures (Jt) satisfying ‖Ht‖ǫ < δ
and ‖Jt−J‖ < δ and suh that the pair (α+dHt, Jt) satises the transversality
assumption.
Let ζ(t) be the trajetory of Xα+dHt with initial ondition the point (p0, q0)
of T ∗M . Denote by q(t) its image in M by the anonial projetion π : T ∗M →
M of the otangent bundle. We have:
d
dt
q(t) = Tζ(t)π
(
d
dt
ζ(t)
)
= Tζ(t)π
(
Xα(ζ(t)) +XdHt(ζ(t))
)
.
Sine the isotopy ϕαt spanned by X
α
satises: π(ϕαt )(p, q) = q,
Tζ(t)π (X
α(ζ(t))) = 0,
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so that:
d
dt
qt = Tζ(t)π
(
XdHt(ζ(t))
)
.
Moreover, for all z ∈ T ∗M , we have:
‖XdHt(z)‖2 = dzHt
(
−J(z)XdHt(z)
)
≤ ‖dzHt‖‖ − J(z)X
dHt(z)‖ = ‖dzHt‖‖X
dHt(z)‖
for the norm assoiated to the salar produt gJ . Hene,
‖XdHt(z)‖ ≤ ‖dzHt‖ ≤
δ
ǫ1
(where ǫ1 is the rst term of the sequene dening the norm ‖ ‖ǫ).
Notie that ‖Tζ(t)π‖ is bounded on T
∗M : it is bounded on eah trivialising
open set for the otangent bundle T ∗M →M ; the base spaeM being ompat,
it is bounded on the whole T ∗M . Thus, there exists a onstant c1 (whih does
not depend on H) suh that,∥∥∥∥ ddtqt
∥∥∥∥ ≤ ‖Tζ(t)π‖ ∥∥XdHt(ζ(t))∥∥ ≤ c1δ,
and onsequently, for all τ ∈ [0, 1], we have:
d(q(τ), q0) ≤
∫ τ
0
∥∥∥∥ ddtqt
∥∥∥∥ ≤ τc1δ.
This means that, on [0, 1], the trajetories of Xα+dHt lie in the bers of the
points of M whih belongs to the ball of radius c1δ entered in the projetion
of the initial ondition (see gure 4.1).
PSfrag replaements
q0
M
ζ(t)
ζ(0)
c1δ
Figure 4.1: the trajetory ζ
This is in partiular true for the zeros xi of the one-form ν̂.
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Let Vi be a neighbourhood of eah trajetory xi suh that the projetion of
Vi is ontained in B(π(xi(0)), c1δ). Denote V the union of the Vi.
Lemma 4.3. There exists c2 > 0 suh that for all z ∈ Ω(L,L) whose image is
not ontained in V,
‖z′(t)−Xα+dHt(z(t))‖L2 ≥ c2.
Proof. The proof is analogous to [5, Lemma 4.4℄. Assume the ontrary: there
exists a sequene (zn) ∈ Ω(L,L) of paths whose images are not ontained in V
suh that
lim
n→+∞
‖z′n(t)−X
α+dHt(zn(t))‖L2 = 0
One has then to prove that this sequene admits a subsequene onverging to a
zero of ν̂. This ontradits the fat that the images of the zn's are not ontained
in V .
We an now hoose δ > 0 small enough so that there exists a losed one-form
η ∈ u suh that
η = 0 on
⋃
i
B(π(xi(0)), c1δ).
We also x ε > 0 suh that ε‖η‖ < c2/3. In partiular, the one-form (still de-
noted η) lifted to T ∗M is zero on V , a property that we need in the omputations
(see Proposition 4.4, and also [5℄, [12℄).
Choose a real number σ < ε and onsider the isotopy ϕα+ση+dHtt spanned
by Xα+ση+dHt . The onstant ε is hosen small enough so that ϕα+ση+dHt1 (L)
is transverse to L.
Applying the transversality theorem 3.15 to α + ση + dHt, we dedue the
existene of a ompatible almost omplex struture J ′t suh that ‖J
′
t − J‖ < δ
and suh that the pair (α+ση+dHt, J
′
t) satises the transversality assumption.
Sine Λu = Λτu for all τ > 0, we an dene the Λu-omplexes
C⋆(L¯, ϕ
α+dHt
t , Jt) and C⋆(L¯, ϕ
α+ση+dHt
t , J
′
t).
Let us prove that the homologies of this omplexes are isomorphi. This will
ahieve the proof of Proposition 4.1.
As in Setion 3.6, we dene a morphism of omplexes assoiated to a ho-
motopy between the pairs (α + dHt, Jt) and (α + dHt + ση, J
′
t). Let χ be a
monotone inreasing funtion on R that vanishes for s ≤ −R and is equal to
1 for s ≥ R. Let Js,t be a homotopy of ompatible almost omplex strutures
suh that Js,t = Jt for s ≤ −R, Js,t = J ′t for s ≥ R and ‖Js,t − J‖ < δ. The
homotopy is dened as:
(α+ χ(s)ση + dHt, Jt,s).
Consider the spae of solutions
v : R× [0, 1] −→ T ∗M
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of nite energy E(v) (for the norm dened dened by gJ) of the partial dier-
ential equation:
∂v
∂s
+ Js,t
(
∂v
∂t
−X
α+χ(s)ση+dHs,t
s,t (v)
)
= 0 (12)
suh that v(s, i) ∈ L for i = 0, 1.
These solutions onverge to an orbit of Xα+dHt (respetively of Xα+ση+dHt)
when s goes to −∞ (respetively +∞).
We dene as in the previous setions the spaes Mχ,J(s,t)(x, y) of solutions
between two orbits x and y. By transversality, these spaes are manifolds the
loal dimension of whih is given by the Maslov lass.
LetMg,s(x, y) ⊂Mχ,Js,t(x, y) be the spae of solutions that an be lifted to
T ∗M˜ in paths from x˜g to y˜ (for xed lifts x˜ and y˜). In the following, we prove
that the zero-dimensional omponent of Mg,s(x, y) is ompat, so that we an
dene a morphism
Γ⋆ : C⋆(L¯, ϕ
α+dHt
t , Jt) −→ C⋆(L¯, ϕ
α+ση+dHt
t , J
′
t)
by
Γ⋆(x) =
∑
g∈π1(M),y
mg(x, y)gy
where mg(x, y) is the ardinality (modulo 2) of the spae M0g,s(x, y).
We prove now the ompatness of M0g,s(x, y) and we hek that∑
g∈π1(M),y
mg(x, y)g ∈ Λu.
Proposition 4.4. For any xed index I, the energy of any element ofMIg,s(x, y)
is bounded from above by some positive onstant A.
Proof. Let v1 and v2 be two elements of Mg,s(x, y) with the same Maslov in-
dex I. If γ : R× [0, 1]→ T ∗M is the onatenation of v2 and v1, then γ is, after
reparametrization in the s variable, a loop Ω(L,L) based at x.
We have:∫
ν̂
(
∂γ
∂s
)
ds = −
∫ +∞
−∞
∫ 1
0
〈
∂v1
∂s
, J
(
∂v1
∂t
−Xα+dHt(v1)
)〉
dt ds
+
∫ +∞
−∞
∫ 1
0
〈
∂v2
∂s
, J
(
∂v2
∂t
−Xα+dHt(v2)
)〉
dt ds.
We prove that:
1) for any s ∈ R,
−
∫ 1
0
〈
∂v1
∂s
, J
(
∂v1
∂t
−Xα+dHt(v1)
)〉
dt ≥
1
3
∥∥∥∥∂v∂s
∥∥∥∥2
L2
; (13)
2) for any s ∈ R,
−
∫ 1
0
〈
∂v2
∂s
, J
(
∂v2
∂t
−Xα+dHt(v2)
)〉
dt ≤
5
3
∥∥∥∥∂v2∂s
∥∥∥∥2
L2
. (14)
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Using 1) and 2), we will dedue that
1
3
E(v1) ≤ u(γ0) +
5
3
E(v2) (15)
and use this inequality to ahieve the proof of Proposition 4.4.
Proof of 1): If v is an element of Mg,s(x, y), we have:∫ 1
0
〈
∂v
∂s
, J
(
∂v
∂t
−Xα+dHt(v)
)〉
dt =
=
∫ 1
0
〈
∂v
∂s
, J
(
Js,t
∂v
∂s
+Xα+χ(s)ση+dHt(v)−Xα+dHt(v)
)〉
dt
=
∫ 1
0
〈
∂v
∂s
, JJs,t
∂v
∂s
〉
dt+
∫ 1
0
〈
∂v
∂s
, JXχ(s)ση(v)
〉
dt
= −
∫ 1
0
〈
J
∂v
∂s
, Js,t
∂v
∂s
〉
dt−
∫ 1
0
ωM
(
∂v
∂s
,Xχ(s)ση(v)
)
dt
= −
∫ 1
0
∥∥∥∥∂v∂s
∥∥∥∥2 dt−
∫ 1
0
〈
J
∂v
∂s
, (Js,t − J)
∂v
∂s
〉
dt
−
∫ 1
0
χ(s)ση
(
∂v
∂s
)
dt. (16)
• Assume rstly that v(s, ·) takes values in V . Sine η vanishes on this
neighbourhood of the zeros, we have:∫ 1
0
〈
∂v
∂s
, J
(
∂v
∂t
−Xα+dHt(v)
)〉
dt =
= −
∫ 1
0
∥∥∥∥∂v∂s
∥∥∥∥2 dt+
∫ 1
0
〈
J
∂v
∂s
, (J − Js,t)
∂v
∂s
〉
dt
≤ −
∫ 1
0
∥∥∥∥∂v∂s
∥∥∥∥2 dt+ δ
∫ 1
0
∥∥∥∥∂v∂s
∥∥∥∥2 dt
≤ −(1− δ)
∫ 1
0
∥∥∥∥∂v∂s
∥∥∥∥2 dt.
We an assume that δ < 2/3, so that:
∫ 1
0
〈
∂v
∂s
, J
(
∂v
∂t
−Xα+dHt(v)
)〉
dt ≤ −
1
3
∫ 1
0
∥∥∥∥∂v∂s
∥∥∥∥2 dt.
• If v(s, ·) does not take its values in V , by the same argument as in [5℄ and
using Lemma 4.3, we also have in this ase that:
∫ 1
0
〈
∂v
∂s
, J
(
∂v
∂t
−Xα+dHt(v)
)〉
dt ≤ −
1
3
∥∥∥∥∂v∂s
∥∥∥∥2
L2
,
if we hoose δ small enough.
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Applying this to v1 we get 13 and integrating in the s variable:
1
3
E(v1) ≤ −
∫ +∞
−∞
∫ 1
0
〈
∂v1
∂s
, J
(
∂v1
∂t
−Xα+dHt(v1)
)〉
dt ds.
Proof of 2): We use the relation (16):
−
∫ 1
0
〈
∂v2
∂s
, J
(
∂v2
∂t
−Xα+dHt(v2)
)〉
dt =
=
∫ 1
0
∥∥∥∥∂v2∂s
∥∥∥∥2 dt+
∫ 1
0
〈
J
∂v2
∂s
, (J − Js,t)
∂v2
∂s
〉
dt
+
∫ 1
0
χ(s)σ(−η)
(
∂v2
∂s
)
dt.
We distinguish again the two ases:
• either v2(s, ·) takes its values in V , so that we have:
−
∫ 1
0
〈
∂v2
∂s
, J
(
∂v2
∂t
−Xα+dHt(v2)
)〉
dt ≤ (1 + δ)
∥∥∥∥∂v2∂s
∥∥∥∥2
L2
,
• or v2(s, ·) does not take all its values in V and we use Lemma 4.3. Firstly,
we have:
−
∫ 1
0
〈
∂v2
∂s
, J
(
∂v2
∂t
−Xα+dHt(v2)
)〉
dt ≤ (1+δ)
∥∥∥∥∂v2∂s
∥∥∥∥2
L2
+
c2
3
∥∥∥∥∂v2∂s
∥∥∥∥
L2
.
By a onsequene of Lemma 4.3 (see [5℄):
c2
3
∥∥∥∥∂v2∂s
∥∥∥∥
L2
≤
(
2
3
− δ
)∥∥∥∥∂v2∂s
∥∥∥∥2
L2
.
In both ases, we have (14) and by integration:
−
∫ +∞
−∞
∫ 1
0
〈
∂v2
∂s
, J
(
∂v2
∂t
−Xα+dHt(v2)
)〉
dt ds ≤
5
3
E(v2).
To prove (15), we use that ∫ +∞
−∞
ν̂
(
∂γ
∂σ
)
is the value of the one-form ν̂ on the loop γ based in x. Thanks to (6), this
term is equal to u(γ0) if the two solutions have the same Maslov lass.
By assumption, v1 and v2 an be lifted to paths between x˜
g
and y˜, the loop
γ0 is homotopi to the onstant loop based in x.
We thus have, xing an element v0 in MIg,s(x, y), for all v of M
I
g,s(x, y),
E(v) ≤ 5E(v0).
To end the proof of Proposition 4.4, we hoose A = 5E(v0).
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Looking at the proof of Proposition 4.4, we see that the sum∑
g∈π1(M)
mg(x, y)g ∈ Λu.
Indeed, if v1 an be now lifted as a path from x˜
g1
to y˜ and v2 as a path from
x˜g2 to y˜, we have u(γ0) = u(g1)− u(g2), so that (15) beomes:
1
3
E(v1) ≤ u(g1)− u(g2) +
5
3
E(v2).
This implies that if v0 is a xed element of Mg0,s(x, y), we have then for all v
of Mg,s(x, y) with u(g) < C,
E(v) ≤ 3(C − u(g0)) + 5E(v0)
and this prove that ⋃
u(g)<C
M0g,s(x, y) ⊂Mχ,Js,t(x, y;A)
for the positive onstant A = 3(C − u(g0)) + 5E(v0)).
The map Γ⋆ is a morphism of omplexes. This is a onsequene of the
ompatiation of the one-dimensional omponent of Mg,s(x, y) by broken
trajetories (v1, v2), where
• one of the vi's satises (12);
• the other is solution of the Floer equation orresponding to (α+ dHt, Jt)
or (α+ dHt + ση, J
′
t).
As in Theorem 3.23, we use the usual methods of Floer theory to prove that
the morphism of omplexes Γ⋆ that indues an isomorphism in homology.
Now, we prove that, with an additional assumption on the Maslov number
of L, for σ small enough, FH(L¯, σu) is the Novikov homology of L assoiated
to f⋆u and the overing L¯→ L.
Proposition 4.5. Let u be an element of H1(M).
Assume that the Lagrangian submanifold L is monotone on the loops and that
its Maslov number NL satises
NL ≥ dim(M) + 2.
Then there exists ε > 0 (depending on u) suh that for all real number σ satis-
fying |σ| < ε,
FH(L¯, σu) ≃ H(L¯, f⋆u).
Proof. We begin (as in [5℄) by substituting in the proof of Proposition 4.1 the
one-form α ∈ u by an exat one-form dg where g : M → R. For σ small enough,
we obtain a morphism of Λu-omplexes:
Γ0⋆ : C⋆(L¯, ϕ
dg+dHt
t , Jt) −→ C⋆(L¯, ϕ
dg+ση+dHt
t , J
′
t)
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whih indues an isomorphism in homology. The rst omplex is a Λ-omplex
whose oeients have been extended to Λu. There is a natural isomorphism
C⋆(L¯, ϕ
dg+dHt
t , Jt) ≃ Λu ⊗Λ C⋆(L¯, ϕ
dg+dHt
t , Jt).
By Hamiltonian invariane, we know that the homotopy type of the omplex
C⋆(L¯, ϕ
dg+dHt
t , Jt) does not depend on a regular hoie of the pair (H
0
t , J
0
t ).
In order to dene an isomorphism between FH(L¯, σu) and H⋆(L¯, u), we use
an other hoie of Hamiltonian. For that purpose, in the monotone ase, we need
to adapt a onstrution of Oh ([18℄). We onsider a loal Floer homology, namely
the Floer homology in a Darboux neighbourhood U of L in T ∗M . Considering U
as the neighbourhood of the zero setion in T ∗L, we an dene the Hamiltonian
H = h ◦ πL on U , where h is a Morse funtion on L and πL : T ∗L → L is the
anonial projetion of the otangent.
If h is small enough (in the C2-topology) and if its gradient for a metri
on L is Morse-Smale, the loal Floer omplex is spanned by the intersetion
points of L and its displaement L + dh and we have a bijetion between the
J-holomorphi strips of the Floer homology and the trajetories of the gradient
of h whih dene the Morse dierential.
To go bak to T ∗M , it is then enough to extend the Hamiltonian H to T ∗M
(setting H = 0 outside a neighbourhood ontaining U). Oh has proved that
under the assumption that L is monotone (on the disks) in T ∗M and NL ≥
dim(M) + 2, a Floer trajetory in T ∗M stays in the Darboux neighbourhood
and hene the trajetories that dene the global Floer dierential are those
that were already ounted in the loal dierential.
The end of the proof is similar to [5℄. The Novikov ring whih denes the
Novikov homology assoiated to f⋆u and the overing L¯→ L is Λu, so that the
Morse omplex above is exatly C⋆(L¯→ L, h, ξ). The Λu-omplexes
Λu ⊗Λ C⋆(L,ϕ
dg+dHt
t , Jt) and Λu ⊗Λ C⋆(L¯→ L, h, ξ)
are homotopy equivalent, so that the homologies
FH(L¯, σu) ≃ H(L¯, u)
are isomorphi.
Propositions 4.1 and 4.5 imply that the set
{σ ∈]0; +∞[ | FH(L¯, u) ≃ H⋆(L¯, f
⋆u)}
is nonempty, open and losed, hene equal to ]0; +∞[ so that we have proved
the following theorem:
Theorem 4.6. Let u be an element of H1(M).
Assume that the Lagrangian submanifold L is monotone on the loops and its
Maslov number NL satises
NL ≥ dim(M) + 2.
Then the Floer homology FH(L¯, u) is isomorphi to the Novikov homology
H(L¯, f⋆u).
31
If we only assume that NL ≥ 2, we do not neessarily have an isomorphism
between the Floer homology and the Novikov homology of L. This is also the
ase in usual Floer theory, but we have the spetral sequene desribed by Biran
in [3℄ to relate it to the singular homology of the Lagrangian submanifold. We
an also dene in the monotone ase a spetral sequene whose rst page is the
Novikov homology of L and that onverges to the Floer-Novikov homology. The
following theorem gives a preise desription of this spetral sequene.
Let A¯ be the Λu-module A¯ = Λu[T, T
−1] of Laurent polynomials with oe-
ients in Λu. Let τi : A¯→ A¯ be the multipliation by T i. We dene the degree
of T to be NL. Then
A¯ =
⊕
i∈Z
A¯i,
where A¯i = Λu T
i/NL
if i ≡ 0 mod NL and A¯i = {0} otherwise.
Theorem 4.7. There exists a spetral sequene {Ep,qr , dr} satisfying the follow-
ing properties:
(1) Ep,q0 = Cp+q−pNL(L¯, f
⋆u)⊗ A¯pNL and d0 = ∂0 ⊗ 1;
(2) Ep,q1 = Hp+q−pNL(L¯, f
⋆u)⊗ A¯pNL and d1 = [∂1]⊗ τ where
[∂1] : Hp+q−pNL(L¯, f
⋆u) −→ Hp+1+q−(p+1)NL(L¯, f
⋆u)
is indued by ∂1;
(3) For all r ≥ 1, Ep,qr an be written E
p,q
r = V
p,q
r ⊗ A¯
pNL
with dr = δr ⊗ τr,
V p,qr are modules on Λu, δr : V
p,q
r → V
p+r,q−r+1
r are morphisms and
satisfy δr ◦ δr = 0. Moreover,
V p,qr+1 =
ker(δr : V
p,q
r → V
p+r,q−r+1
r )
Im(δr : V
p−r,q+r−1
r → V
p,q
r )
;
(4) {Ep,qr , dr} ollapses at page κ + 1, where κ = [
dim(L)+1
NL
] and the spetral
sequene onverges to FH(L¯, u), i.e.⊕
p+q=ℓ
Ep,q∞
∼= FHℓ(modNL)(L¯, u).
(5) For all p ∈ Z,
⊕
q∈Z
Ep,q∞
∼= FH(L¯, u).
Proof. In order to desribe the spetral sequene, we look at the proof of Propo-
sition 4.5 and the Hamiltonian H dened with the C2-small funtion h. We
suppose, as in [3℄, that h has exatly one relative minimum x0 and we use x0 as
base point for the Floer omplex so that we an x the grading by Z/NL. As
we have the deomposition (see [18℄):
Ci(modNL)(L¯, ϕ
H0t
t , J
0
t ) =
⊕
j≡i(modNL)
Cj(L¯, f
⋆u).
we an deompose the dierential
∂ : C⋆modNL(L¯, ϕ
H0t
t , J
0
t ) −→ C⋆+1modNL(L¯, ϕ
H0t
t , J
0
t )
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in ∂ =
∑
j∈Z
∂j with
∂j : C⋆(L¯, f
⋆u)→ C⋆+1−jNL(L¯, f
⋆u).
Moreover, by the index omputations of [18℄,
∂j = 0 if j < 0 or j > κ =
[
dimL+ 1
NL
]
,
so that
∂ = ∂0 + · · ·+ ∂κ.
The dierential ∂0 ounts the trajetories that stay in the neighbourhood U ,
it orresponds to the dierential of the loal Floer homology and as before,
the homology of the omplex (C⋆(L¯, f
⋆u), ∂0) an be identied to the Novikov
homology H(L¯, f⋆u). The other operators ∂1, . . . , ∂κ ount the trajetories that
leave the neighbourhood U .
In order to dene and prove the properties of the spetral sequene, it suf-
es to substitute the oeients in Z/2 in the proof of [3, Theorem 5.2℄ by
oeients in Λu.
Remark 4.8. Note that if NL ≥ dim(M) + 2, the spetral sequene ollapses
at page κ+ 1 = 1 and we reover Theorem 4.6.
4.2 Proof of Theorems 1.4 and 1.5
Proof of Theorem 1.4. As in [5, Setion 4.1℄, it is a onsequene of the proofs
of Propositions 4.1, 4.5 and Theorem 4.7. Thanks to Proposition 4.4, we an
dene for σ small enough a lift of the morphism of Λf⋆u-omplex Γ⋆ between
C⋆(L,ϕ
α+dHt
t , Jt) and C⋆(L,ϕ
α+ση+dHt
t , J
′
t) whih indues an isomorphism in
homology:
FH(L, u) ≃ FH(L, (1 + σ)u).
In order to relate FH(L, σu) and H⋆(L, f
⋆u), we use a lift of the morphism Γ0⋆
dened in the proof of Proposition 4.5 and a spetral sequene analogous to the
one in Theorem 4.7 with the rst page expressed in terms of H⋆(L, f
⋆u) and
the Λf⋆u-module A = Λf⋆u[T, T
−1].
When M is the total spae of a bration on the irle, Theorem 1.4 enables
us to prove Theorem 1.5 in the ase where f⋆ : π1(L) −→ π1(M) is surjetive.
Thanks to Remark 3.6, this will be enough to prove the theorem under the hy-
pothesis NL ≥ dim(M) + 1 or (NL = dim(M) and [π1(M) : π1(L)] is nite).
Proof of Theorem 1.5 in the ase NL ≥ dim(M) + 1. Sine the
manifold M is the total spae of a bration on the irle, there exists a losed
one-form α that does not vanish on M . Consider the sympleti isotopy ϕt of
T ∗M spanned by Xα:
ϕt(p, q) = (p+ tαq, q).
For T large enough, ϕT (L) ∩ L = ∅ and without restriting generality we an
assume that T = 1. Then the Floer omplex dened in Setion 3 is empty and
the Floer homology FH(L, u) is trivial.
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But, as u 6= 0 and as f⋆ : π1(L) → π1(M) is surjetive, f⋆u 6= 0 and
by Proposition 2.5, if the presentation of the fundamental group of L satises
p−q ≥ 2 or if the fundamental group is a free produt of two non trivial groups,
then H1(L, f
⋆u) 6= 0.
IfNL ≥ dim(M)+2, then by Theorem 1.4, the Floer homology of L is isomor-
phi to the Novikov homology H⋆(L, f
⋆u) and this ontradits H1(L, f
⋆u) 6= 0.
If NL = dim(M) + 1 ≥ 2, then the spetral sequene dened in Theorem 4.7
ollapses at page κ+ 1 = 2 and onverges to the Floer homology of L. But for
p = 0 and q = 1,
[∂1] : H1(L, f
⋆u) −→ H2−NL(L, f
⋆u) = {0}
and
[∂1] : HNL(L, f
⋆u) = {0} −→ H1(L, f
⋆u),
hene E20,1 = H1(L, f
⋆u). We get also a ontradition in this ase.
Proof of Theorem 1.5 in the ase NL ≥ dim(M). We an even extend
the result to the ase NL = dim(M) thanks to a property of the Novikov
homology H⋆(L, f
⋆u) (see Latour [11℄ or Levitt [13℄): sine f⋆u 6= 0, there
exists in the lass of f⋆u a one-form α′ whih has no ritial point of index 0 or
dim(M). In partiular, the groups H0(L, f
⋆u) and Hdim(M)(L, f
⋆u) are trivial.
By Theorem 1.4, there exists a spetral sequene onverging to the Floer
homology of L and whose rst page an be desribed with the Novikov homology
of L. In the ase NL = dim(M) ≥ 2, the spetral sequene ollapses at the
seond page,
[∂1] : H1(L, f
⋆u) −→ H2−NL(L, f
⋆u) = {0}
and
[∂1] : HNL(L, f
⋆u) = {0} −→ H1(L, f
⋆u),
so that E20,1 = H1(L, f
⋆u). As before, this leads to a ontradition.
Appendix: Proof of Lemma 3.7
(i) Assume rst that L¯ is path-onneted. Choose a base point ℓ in L and let
m = i(ℓ) be its image in T ∗M . Choose also a lift ℓ˜ of ℓ in L¯. Let g be an
element of π1(M). As L¯ is path-onneted, there exists a path γ˜ from ℓ˜ to
ℓ˜g in L¯. The image (π ◦ p˜ ◦ ı˜)(γ˜) of that path in M is a loop representing
g and its image in L is thus a loop γ suh that f⋆([γ]) = g.
Conversely, assume that the map π1(L) → π1(M) is surjetive. As L is
supposed to be path-onneted, to prove that L¯ is path-onneted, it is
enough to prove that two points in the same ber an be joined by a path
in L¯. Let ℓ˜1 and ℓ˜2 two elements of L¯ in the ber of the point ℓ of L.
The two points ı˜(ℓ˜1) and ı˜(ℓ˜2) of T
∗M˜ an be joined in T ∗M˜ by a path
whih projetion on T ∗M is a loop c suh that ı˜(ℓ˜2) =
(˜
ı(ℓ˜1)
)[c]
. But
by assumption, the element [c] of the group π1(M) has an anteedent in
π1(L). Let γ be a loop in L based in ℓ representing this anteedent. If
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γ˜ is the lift with starting point ℓ˜1 of γ in L¯, its endpoint ℓ˜
[γ]
1 must have(˜
ı(ℓ˜1)
)[c]
as image by ı˜, and this proves that γ˜ is a path from ℓ˜1 to ℓ˜2.
(ii) By denition, L¯ ts into the following ommutative diagram:
L¯
eı
//

T ∗M˜
ep

L
i
// T ∗M
As T ∗M˜ is simply onneted, the diagram indued on the fundamental
groups gives that Im(π1(L¯) → π1(L)) is inluded in K. Conversely, any
loop of L whose image in M is homotopi to the onstant path an be
lifted to T ∗M˜ in a loop of L¯.
(iii) The embedding is monotone beause the sympleti struture (and the
Liouville form) on T ∗M˜ are obtained by taking the pull-bak of those
of T ∗M .
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